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ABSTRACT

Recent studies have shown that the cross-correlation coefficient between galaxies and
dark matter is very close to unity on scales outside a few virial radii of galaxy halos,
independent of the details of how galaxies populate dark matter halos. This find-
ing makes it possible to determine the dark matter clustering from measurements of
galaxy-galaxy weak lensing and galaxy clustering. We present new cosmological pa-
rameter constraints based on large-scale measurements of spectroscopic galaxy sam-
ples from the Sloan Digital Sky Survey (SDSS) Data Release 7 (DR7). We generalise
the approach of Baldauf et al. (2010) to remove small scale information (below 2
and 4h−1Mpc for lensing and clustering measurements, respectively), where the cross-
correlation coefficient differs from unity. We derive constraints for three galaxy samples
covering 7131 deg2, containing 69150, 62150, and 35088 galaxies with mean redshifts
of 0.11, 0.28, and 0.40. We clearly detect scale-dependent galaxy bias for the more
luminous galaxy samples, at a level consistent with theoretical expectations. When we
vary both σ8 and Ωm (and marginalise over non-linear galaxy bias) in a flat ΛCDM
model, the best-constrained quantity is σ8(Ωm/0.25)0.57 = 0.80 ± 0.05 (1σ, stat. +
sys.), where statistical and systematic errors (photometric redshift and shear calibra-
tion) have comparable contributions, and we have fixed ns = 0.96 and h = 0.7. These
strong constraints on the matter clustering suggest that this method is competitive
with cosmic shear in current data, while having very complementary and in some ways
less serious systematics. We therefore expect that this method will play a prominent
role in future weak lensing surveys. When we combine these data with WMAP7 CMB
data, constraints on σ8, Ωm, H0, wde and

∑
mν become 30–80 per cent tighter than

with CMB data alone, since our data break several parameter degeneracies.

Key words: gravitational lensing: weak – cosmology: observations – cosmological
parameters – large-scale structure of Universe

1 INTRODUCTION

The currently accepted cosmological model that is broadly
consistent with multiple observations, known as ΛCDM,

⋆ rmandelb@andrew.cmu.edu

is dominated by dark ingredients: dark matter, which we
observe through its gravitational effects, and dark energy,
the presence of which was inferred due to the accelerated
expansion of the universe as detected using supernovae
(Riess et al. 1998; Perlmutter et al. 1999). Further attempts
to constrain this model, such as those described by the
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Early Dark Energy

In typical dark energy models, DE is dynamically negligible at high redshifts. !
Some scalar field potentials track the energy density of the dominant species during the 
radiation and matter dominated eras.

21

energy component evolves with a = (1 + z)�1 as

⌦
de

(a) =
⌦

de

� ⌦e
de

�
1 � a�3w0

�

⌦
de

+ ⌦ma3w0
+ ⌦e

de

�
1 � a�3w0

�
,

(25)
where ⌦

de

and ⌦m denote z = 0 values as usual and ⌦e
de

is
the dark energy density parameter at early times. A flat
universe is assumed, with ⌦

de

+⌦m = 1. The quantity w
0

is the e↵ective value of the equation-of-state parameter
today. At high redshift (a ⌧ 1), the denominator of the
first term is � 1, and ⌦d(a) approaches the constant
value ⌦e

de

. This in turn requires a dark energy density
that scales as a�3 in the matter-dominated era and as a�4

in the radiation-dominated era, though it is ⌦
de

(a) rather
than ⇢

de

(a) that is specified explicitly. For w
0

= �1, the
model approaches ⇤CDM as ⌦e

de

goes to zero. There
are other generic forms of models with early dark energy,
as well as non-parametric descriptions (see discussion by
[85]).

If dark energy is important in the pre-recombination
era, then the boosted energy density in this era reduces
the sound horizon by a factor (1 � ⌦e

de

)1/2 relative to a
conventional model with the same parameters [84, 85].
Pre-recombination dark energy also influences the de-
tailed shape of the CMB anisotropy spectrum by alter-
ing the early integrated Sachs-Wolfe contribution and the
CMB damping tail [86]. Our analysis here incorporates
the rescaling of the sound horizon, but we continue to
use the compressed CMB description of Section IIC and
therefore ignore the more detailed changes to the power
spectrum shape. Because of the exquisite precision of
CMB measurements, the power spectrum shape may im-
pose tighter constraints on early dark energy than the ex-
pansion history measurements employed here (see, e.g.,
[86]). However, those constraints are more dependent on
the specifics of the models being examined, both the dark
energy evolution and other parameters that describe the
inflationary spectrum, tensor fluctuations, relativistic en-
ergy density, and reionization.

Figure 12 plots the evolution of DH(z)/rd and
DM (z)/rd for models with ⌦e

de

= 0, 0.02, 0.04, and 0.08.
We always adopt w

0

= �1, but we constrain h, ⌦b,
and ⌦m = 1 � ⌦

de

� ⌦⌫+r by fixing ⌦bh
2, ⌦mh2, and

DM (1090)/rd to the values in the best-fit Planck+WP
⇤CDM model, in e↵ect forcing the errors in our com-
pressed CMB description to zero. Solid curves incorpo-
rate the expected (1 � ⌦e

de

)1/2 reduction of rd. Dotted
curves show the case in which we instead keep rd fixed at
its fiducial value of 147.49 Mpc. The latter case would
be physically relevant in a model where dark energy is
dynamically negligible in the pre-recombination era but
approaches the evolution of equation (25) later in the
matter dominated era. To highlight model di↵erences,
we scale all values to those of the fiducial ⇤CDM model,
which corresponds to ⌦e

de

= 0.
Remarkably, for the rescaled rd case, the predicted val-

ues of DH(z)/rd and DM (z)/rd change by less than 0.5%
at all redshifts, even for ⌦e

de

= 0.08. We can understand

Figure 12. Predicted BAO scales for early dark energy models
with CMB observables ⌦bh

2, ⌦mh2, and DM (1090)/rd held
fixed to the values of the best-fit Planck+WP ⇤CDM model.
We adopt equation (25) with w

0

= �1. Solid lines show
the case in which rd is rescaled by (1 � ⌦e

de

)1/2 to represent
the e↵ect of early dark energy in the pre-recombination era,
while dashed lines show the case in which rd is held fixed
at the fiducial model value of rd = 147.49 Mpc. We show
ratios of DH(z)/rd (top) or DM (z)/rd (bottom) relative to
the fiducial (⌦e

de

= 0) model. Points with error bars show
the BAO measurements from CMASS galaxies at z = 0.57
(filled square) and from LyaF auto-correlation (open circle)
and cross-correlation (filled circle) at z = 2.34. For visual
clarity, the LyaF cross-correlation points have been slightly
shifted in redshift.

this insensitivity by considering the low and high-redshift
limits for the simplified case of a flat cosmology with only
matter and dark energy. The matter density at redshift
z is

⇢m(z) = ⇢
crit

⇥ ⌦m(1 + z)3

=
3

�
100 km s�1 Mpc�1

�
2

8⇡G
⇥

�
⌦mh2

�
(1 + z)3 ,

(26)

where ⇢
crit

denotes the z = 0 value as usual and we
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Early Dark Energy Cosmologies

Michael Doran∗ and Georg Robbers†

Institut für Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany

We propose a novel parameterization of the dark energy density. It is particularly well suited
to describe a non-negligible contribution of dark energy at early times and contains only three
parameters, which are all physically meaningful: the fractional dark energy density today, the
equation of state today and the fractional dark energy density at early times. As we parameterize
Ωd(a) directly instead of the equation of state, we can give analytic expressions for the Hubble
parameter, the conformal horizon today and at last scattering, the sound horizon at last scattering,
the acoustic scale as well as the luminosity distance. For an equation of state today w0 < −1,
our model crosses the cosmological constant boundary. We perform numerical studies to constrain
the parameters of our model by using Cosmic Microwave Background, Large Scale Structure and
Supernovae Ia data. At 95% confidence, we find that the fractional dark energy density at early
times Ωe

d < 0.06. This bound tightens considerably to Ωe
d < 0.04 when the latest Boomerang data

is included. We find that both the gold sample of Riess et. al. and the SNLS data of Astier et. al.
when combined with CMB and LSS data mildly prefer w0 < −1, but are well compatible with a
cosmological constant.

PACS numbers: 98.80.-k

INTRODUCTION

Current observations [1, 2, 3, 4, 5, 6] favor some form
of dark energy that today comprises roughly 70% of the
energy density of our Universe. One fundamental issue
is whether dark energy is a true cosmological constant
or time evolving [7, 8, 9]. In recent years, the notion of
an evolving dark energy has been cast in various param-
eterizations [10, 11, 12, 13, 14, 15, 16] of the equation
of state w(a) = p/ρ of dark energy. Yet such parame-
terizations are ill-suited to catch an intriguing possible
feature of dark energy, namely that it could be present
at an observable level even from as early as Big Bang
Nucleosynthesis on. Such models would leave their im-
prints on the Cosmic Microwave Background [17], cosmic
structure [18, 19] and maybe even Big Bang Nucleosyn-
thesis [20, 21, 22]. There are some good points in favor
of this scenario: if one links the presently small energy
density of dark energy to the age of the Universe, one
is led to attractor solutions [7, 8]. Such scenarios occur
in attempts to solve the cosmological constant problem
from the point of view of dilatation symmetry [7] and
also in string theories.

Instead of parameterizing w(a), we parameterize Ωd(a)
directly. This will prove advantageous for two reasons:
firstly, the amount of dark energy at early times is then a
natural parameter and not inferred by integrating w(a)
over the entire evolution. Secondly, since the Hubble
parameter is given by

H2(a)

H2
0

=
Ω0

ma−3 + Ω0
rel.a

−4

1 − Ωd(a)
, (1)

a simple, analytic expression for Ωd(a) enables us to com-
pute many astrophysical quantities analytically. In the
above, Ω0

rel. is the fractional energy density of relativis-
tic neutrinos and photons today, Ω0

m is the matter (dark
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FIG. 1: Evolution of the fractional dark energy density Ωd(z)
and the equation of state w(z) as a function of redshift. The
solid (black) curve depicts the behavior for a ΛCDM cosmo-
logical constant model, in which w0 = −1 by definition and
the amount of dark energy at early times tends to zero. In
contrast, the dashed (blue) and dotted (red) curves are early
dark energy models described by our parameterization (6).
For the models depicted, we chose w0 = −1 and Ωe

d = 0.01
(blue, dashed), Ωe

d = 0.07 (red, dotted) respectively. In ad-
dition, we plot the equation of state w for Ωe

d = 0.01 (blue,
dashed-dotted) and Ωe

d = 0.07 (red, dashed-double-dotted)

and baryonic) fractional energy density and we assumed
a flat Universe. For any parameterization of Ωd(a), the
equation of state can of course be inferred from Ωd(a) via
an analytic relation (see Equation (5)).
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⇤CDM model, in e↵ect forcing the errors in our com-
pressed CMB description to zero. Solid curves incorpo-
rate the expected (1 � ⌦e

de

)1/2 reduction of rd. Dotted
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matter dominated era. To highlight model di↵erences,
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= 0.08. We can understand

Figure 12. Predicted BAO scales for early dark energy models
with CMB observables ⌦bh

2, ⌦mh2, and DM (1090)/rd held
fixed to the values of the best-fit Planck+WP ⇤CDM model.
We adopt equation (25) with w

0

= �1. Solid lines show
the case in which rd is rescaled by (1 � ⌦e

de

)1/2 to represent
the e↵ect of early dark energy in the pre-recombination era,
while dashed lines show the case in which rd is held fixed
at the fiducial model value of rd = 147.49 Mpc. We show
ratios of DH(z)/rd (top) or DM (z)/rd (bottom) relative to
the fiducial (⌦e

de

= 0) model. Points with error bars show
the BAO measurements from CMASS galaxies at z = 0.57
(filled square) and from LyaF auto-correlation (open circle)
and cross-correlation (filled circle) at z = 2.34. For visual
clarity, the LyaF cross-correlation points have been slightly
shifted in redshift.

this insensitivity by considering the low and high-redshift
limits for the simplified case of a flat cosmology with only
matter and dark energy. The matter density at redshift
z is

⇢m(z) = ⇢
crit

⇥ ⌦m(1 + z)3

=
3

�
100 km s�1 Mpc�1

�
2

8⇡G
⇥

�
⌦mh2

�
(1 + z)3 ,

(26)

where ⇢
crit

denotes the z = 0 value as usual and we
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the one referred to as ⌫CDM, where it is a free param-
eter. The default implies !⌫ = 6.57 ⇥ 10�4 including
massless species and !⌫ = 6.45 ⇥ 10�4 excluding them.
The e↵ect of finite neutrino temperature at z = 0 is a
very small 10�4 relative e↵ect. The adopted values are
close to the minimum value allowed by neutrino oscilla-
tion experiments.

We consider a variety of models for the evolution of
the energy density or equation-of-state parameter w =
p
de

/⇢
de

. Table I summarizes the primary models dis-
cussed in the paper, though we consider some additional
special cases in Section VI. ⇤CDM represents a flat uni-
verse with a cosmological constant (w = �1). o⇤CDM
extends this model to allow non-zero ⌦k. wCDM adopts
a flat universe and constant w, and owCDM generalizes
to non-zero ⌦k. w

0

waCDM and ow
0

waCDM allow w(a)
to evolve linearly with a(t), w(a) = w

0

+wa(1�a). Poly-
CDM adopts a quadratic polynomial form for ⇢

de

(a) and
allows non-zero space curvature, to provide a highly flex-
ible description of the e↵ects of dark energy at low red-
shift. Finally, Slow Roll Dark Energy is an example of
a one-parameter evolving-w model, based on a quadratic
dark energy potential.

We focus in this paper on parameter constraints and
model tests from measurements of cosmic distances and
expansion rates, which we refer to collectively as “expan-
sion history” or “geometric” constraints. We briefly con-
sider comparisons to measurements of low-redshift mat-
ter clustering in Section VII. In this framework, the cru-
cial roles of CMB anisotropy measurements are to con-
strain the parameters (mainly !m and !b) that deter-
mine the BAO scale and to determine the angular di-
ameter distance to the redshift of recombination. For
most of our analyses, this approach allows us to use a
highly compressed summary of CMB constraints, dis-
cussed in Section II C below, and to compute param-
eter constraints with a simple and fast Markov Chain
Monte Carlo (MCMC) code that computes expansion
rates and distances from the Friedmann equation. The
code is publicly available with data used in this paper at
https://github.com/slosar/april.

B. BAO data

The BAO data in this work are summarized in Table
II and more extensively discussed below.

The robustness of BAO measurements arises from the
fact that a sharp feature in the correlation function (or
an oscillatory feature in the power spectrum) cannot be
readily mimicked by systematics, whether observational
or astrophysical, as these should be agnostic about the
BAO scale and hence smooth over the relevant part of
the correlation function (or power spectrum). In most
current analyses, the BAO scale is determined by adopt-
ing a fiducial cosmological model that translates angular
and redshift separations to comoving distances but allow-
ing the location of the BAO feature itself to shift relative

to the fiducial model expectation. One then determines
the likelihood of obtaining the observed two-point corre-
lation function or power spectrum as a function of the
BAO o↵sets, while marginalizing over nuisance param-
eters. These nuisance parameters characterize “broad-
band” physical or observational e↵ects that smoothly
change the shape or amplitude of the underlying correla-
tion function or power spectrum, such as scale-dependent
bias of galaxies or the LyaF, or distortions caused by con-
tinuum fitting or by variations in star-galaxy separation.
In an isotropic fit, the measurement is encoded in the
↵ parameter, the ratio of the measured BAO scale to
that predicted by the fiducial model. In an anisotropic
analysis, one separately constrains ↵? and ↵k, the ratios
perpendicular and parallel to the line of sight. In real
surveys the errors on ↵? and ↵k are significantly cor-
related for a given redshift slice, but they are typically
uncorrelated across di↵erent redshift slices. While the
values of ↵ are referred to a specified fiducial model, the
corresponding physical BAO scales are insensitive to the
choice of fiducial model within a reasonable range.

The BAO scale is set by the radius of the sound horizon
at the drag epoch zd when photons and baryons decouple,

rd =

Z 1

zd

cs(z)

H(z)
dz , (10)

where the sound speed in the photon-baryon fluid is

cs(z) = 3�1/2c
⇥
1 + 3

4

⇢b(z)/⇢�(z)
⇤�1/2

. A precise pre-
diction of the BAO signal requires a full Boltzmann code
computation, but for reasonable variations about a fidu-
cial model the ratio of BAO scales is given accurately by
the ratio of rd values computed from the integral (10).
Thus, a measurement of ↵? from clustering at redshift
z constrains the ratio of the comoving angular diameter
distance to the sound horizon:

DM (z)/rd = ↵?DM,fid(z)/rd,fid . (11)

A measurement of ↵k constrains the Hubble parameter
H(z), which we convert to an analogous quantity:

DH(z) = c/H(z), (12)

with

DH(z)/rd = ↵kDH,fid(z)/rd,fid . (13)

An isotropic BAO analysis measures some e↵ective com-
bination of these two distances. If redshift-space distor-
tions are weak, which is a good approximation for lu-
minous galaxy surveys after reconstruction but not for
the LyaF, then the constrained quantity is the volume
averaged distance

DV (z) =
⇥
zDH(z)D2

M (z)
⇤
1/3

, (14)

with

DV (z)/rd = ↵DV,fid(z)/rd,fid. (15)

The BAO signal

3

ladder determination of H
0

, which assumes standard re-
combination physics but does not assume a specific dark
energy model or a flat universe. Section V describes our
constraints on the parameters of standard dark energy
models, while Section VI considers models that allow
early dark energy, decaying dark matter, cosmologically
significant neutrino mass, or extra relativistic species.
We compare the predictions of our BAO+SN+CMB con-
strained models to observational estimates of matter clus-
tering in Section VII and summarize our overall conclu-
sions in Section VIII.

II. METHODOLOGY, MODELS AND DATA
SETS

A. Methodology

A homogenenous and isotropic cosmological model
is specified by the curvature parameter k entering the
Friedman-Robertson-Walker metric

ds2 = �dt2 + a2(t)


dr2

1 � kr2
+ r2d⌦2

�
, (1)

which governs conversion between radial and transverse
distances, and by the evolution of a(t) = (1 + z)�1. In
General Relativity (GR), this evolution is governed by
the Friedmann equation [35], which can be written in
the form

H2(a)

H2

0

=
⇢(a)

⇢
0

+ ⌦ka
�2 , (2)

where H ⌘ ȧ/a is the Hubble parameter, ⇢(a) is the total
energy density (radiation + matter + dark energy), and
the subscript 0 denotes the present day (a = 1). We
define the density parameter of component x by the ratio

⌦x =
⇢x

⇢
crit

=
8⇡G

3H2

⇢x (3)

and the curvature parameter

⌦k = 1 �
X

⌦x , (4)

where the sum is over all matter and energy components
and ⌦k = 0 for a flat (k = 0) universe. Density param-
eters and ⇢

crit

always refer to values at z = 0 unless a
dependence on a or z is written explicitly, e.g., ⌦x(z). We
will frequently refer to the Hubble constant H

0

through
the dimensionless ratio h ⌘ H

0

/100 km s�1 Mpc�1. The
dimensionless quantity !x ⌘ ⌦xh

2 is proportional to the
physical density of component x at the present day.

Given the curvature parameter and H(z) from the
Friedmann equation, the comoving angular diameter dis-
tance can be computed as
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1
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where the line-of-sight comoving distance is

DC(z) =
c

H
0

Z z

0

dz0
H

0

H(z0)
(6)

where

Sk(x) =

8
><

>:

sin(
p

�⌦kx)/
p

�⌦k ⌦k < 0,

sinh(
p

⌦kx)/
p

⌦k ⌦k > 0,

x ⌦k = 0.

(7)

Positive k corresponds to negative ⌦k. We do not use
the small ⌦k approximation of equation (5) in our calcu-
lations, but we provide it here to illustrate that for small
non-zero curvature the change in distance is linear in ⌦k

and quadratic in DC(z).
Curvature a↵ects DM (z) both through its influence on

H(z) and through the geometrical factor in equation (5).
The luminosity distance (relevant to supernovae) is DL =
DM (1 + z).

The energy components considered in our models are
pressureless (cold) dark matter, baryons, radiation, neu-
trinos, and dark energy. The densities of CDM and
baryons scale as a�3; we refer to the density parameter of
these two components together as ⌦cb. The energy den-
sity of neutrinos with non-zero mass scales like radiation
at early times and like matter at late times, with

⇢⌫+r(a)

⇢
crit

=
8⇡3k4

BG

45~3c5H2

0

⇥
"
T
CMB

(a)4 + T⌫(a)4
X

i

I(mic
2/kBT⌫(a))

#
,

(8)

where both CMB temperature T
CMB

and neutrino tem-
perature scale inversely with scale factor, and the neu-

trino temperature is given by T⌫ = T
CMB

�
4

11

�1/3
gc,

where gc = (3.046/3)
1/4 accounts for small amount of heat-

ing of neutrinos due to electron-positron annihilation.
The sum in the above expression is over neutrino species
with masses mi. The integral I is given by

I(r) =
15

⇡4

Z 1

0

p
x2 + r2

ex + 1
x2dx (9)

and must be evaluated numerically. For massless neu-
trinos I(0) = 7/8, while in the limit of very massive
neutrinos I(r) ⇠ 45⇣(3)(2⇡4)�1r (for r � 1; here ⇣(3)
is the Riemann function), i.e., scaling proportionally
with a so that neutrinos behave like pressureless mat-
ter. When we refer to the z = 0 matter density pa-
rameter ⌦m, we include the contributions of radiation
(which is small compared to the uncertainties in ⌦m)
and neutrinos (which are non-relativistic at z = 0), so
that ⌦m + ⌦

de

+ ⌦k ⌘ 1. Following the Planck Collabo-
ration [29], we adopt

P
m⌫ = 0.06 eV with one massive

and two massless neutrino species in all models except
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the one referred to as ⌫CDM, where it is a free param-
eter. The default implies !⌫ = 6.57 ⇥ 10�4 including
massless species and !⌫ = 6.45 ⇥ 10�4 excluding them.
The e↵ect of finite neutrino temperature at z = 0 is a
very small 10�4 relative e↵ect. The adopted values are
close to the minimum value allowed by neutrino oscilla-
tion experiments.

We consider a variety of models for the evolution of
the energy density or equation-of-state parameter w =
p
de

/⇢
de

. Table I summarizes the primary models dis-
cussed in the paper, though we consider some additional
special cases in Section VI. ⇤CDM represents a flat uni-
verse with a cosmological constant (w = �1). o⇤CDM
extends this model to allow non-zero ⌦k. wCDM adopts
a flat universe and constant w, and owCDM generalizes
to non-zero ⌦k. w

0

waCDM and ow
0

waCDM allow w(a)
to evolve linearly with a(t), w(a) = w

0

+wa(1�a). Poly-
CDM adopts a quadratic polynomial form for ⇢

de

(a) and
allows non-zero space curvature, to provide a highly flex-
ible description of the e↵ects of dark energy at low red-
shift. Finally, Slow Roll Dark Energy is an example of
a one-parameter evolving-w model, based on a quadratic
dark energy potential.

We focus in this paper on parameter constraints and
model tests from measurements of cosmic distances and
expansion rates, which we refer to collectively as “expan-
sion history” or “geometric” constraints. We briefly con-
sider comparisons to measurements of low-redshift mat-
ter clustering in Section VII. In this framework, the cru-
cial roles of CMB anisotropy measurements are to con-
strain the parameters (mainly !m and !b) that deter-
mine the BAO scale and to determine the angular di-
ameter distance to the redshift of recombination. For
most of our analyses, this approach allows us to use a
highly compressed summary of CMB constraints, dis-
cussed in Section II C below, and to compute param-
eter constraints with a simple and fast Markov Chain
Monte Carlo (MCMC) code that computes expansion
rates and distances from the Friedmann equation. The
code is publicly available with data used in this paper at
https://github.com/slosar/april.

B. BAO data

The BAO data in this work are summarized in Table
II and more extensively discussed below.

The robustness of BAO measurements arises from the
fact that a sharp feature in the correlation function (or
an oscillatory feature in the power spectrum) cannot be
readily mimicked by systematics, whether observational
or astrophysical, as these should be agnostic about the
BAO scale and hence smooth over the relevant part of
the correlation function (or power spectrum). In most
current analyses, the BAO scale is determined by adopt-
ing a fiducial cosmological model that translates angular
and redshift separations to comoving distances but allow-
ing the location of the BAO feature itself to shift relative

to the fiducial model expectation. One then determines
the likelihood of obtaining the observed two-point corre-
lation function or power spectrum as a function of the
BAO o↵sets, while marginalizing over nuisance param-
eters. These nuisance parameters characterize “broad-
band” physical or observational e↵ects that smoothly
change the shape or amplitude of the underlying correla-
tion function or power spectrum, such as scale-dependent
bias of galaxies or the LyaF, or distortions caused by con-
tinuum fitting or by variations in star-galaxy separation.
In an isotropic fit, the measurement is encoded in the
↵ parameter, the ratio of the measured BAO scale to
that predicted by the fiducial model. In an anisotropic
analysis, one separately constrains ↵? and ↵k, the ratios
perpendicular and parallel to the line of sight. In real
surveys the errors on ↵? and ↵k are significantly cor-
related for a given redshift slice, but they are typically
uncorrelated across di↵erent redshift slices. While the
values of ↵ are referred to a specified fiducial model, the
corresponding physical BAO scales are insensitive to the
choice of fiducial model within a reasonable range.

The BAO scale is set by the radius of the sound horizon
at the drag epoch zd when photons and baryons decouple,

rd =

Z 1

zd

cs(z)

H(z)
dz , (10)

where the sound speed in the photon-baryon fluid is

cs(z) = 3�1/2c
⇥
1 + 3

4

⇢b(z)/⇢�(z)
⇤�1/2

. A precise pre-
diction of the BAO signal requires a full Boltzmann code
computation, but for reasonable variations about a fidu-
cial model the ratio of BAO scales is given accurately by
the ratio of rd values computed from the integral (10).
Thus, a measurement of ↵? from clustering at redshift
z constrains the ratio of the comoving angular diameter
distance to the sound horizon:

DM (z)/rd = ↵?DM,fid(z)/rd,fid . (11)

A measurement of ↵k constrains the Hubble parameter
H(z), which we convert to an analogous quantity:

DH(z) = c/H(z), (12)

with

DH(z)/rd = ↵kDH,fid(z)/rd,fid . (13)

An isotropic BAO analysis measures some e↵ective com-
bination of these two distances. If redshift-space distor-
tions are weak, which is a good approximation for lu-
minous galaxy surveys after reconstruction but not for
the LyaF, then the constrained quantity is the volume
averaged distance

DV (z) =
⇥
zDH(z)D2

M (z)
⇤
1/3

, (14)

with

DV (z)/rd = ↵DV,fid(z)/rd,fid. (15)
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Figure 13. Constraints in the ⌦e
de

�⌦m plane from the combi-
nation of our compressed CMB description with galaxy+LyaF
BAO data. Black contours (68%, 95%, and 99.7%) show the
tight constraints on early dark energy for models with fixed
rd = 147.49 Mpc. Blue contours show the constraints for
models with rd / (1� ⌦e

de

)1/2 as expected if ⌦e
de

is constant
into the radiation-dominated era. The red solid line traces
the parameter degeneracy ⌦m = ⌦m,fid(1�⌦e

de

) predicted by
the approximate scaling arguments described in the text.

have used H
0

= 100h km s�1 Mpc�1 but relocated h to
the second factor. Using ⇢m(z) + ⇢

de

(z) = ⇢
crit

(z) =
3H2(z)/8⇡G implies

H(z) =
�
100 km s�1 Mpc�1

�
⇥

⇥�
⌦mh2

�
(1 + z)3

⇤
1/2

⇥ [1 + ⇢
de

(z)/⇢m(z)]1/2 .
(27)

For a cosmological constant, ⇢
de

(z)/⇢m(z) / (1+z)�3, so
the ratio tends rapidly to zero at high redshift, but for the
early dark energy model this ratio asymptotes instead to
⌦e

de

/⌦m(z) ⇡ ⌦e
de

/(1 � ⌦e
de

). Thus, at fixed ⌦mh2, H(z)
is higher in the early dark energy model by a factor (1 �
⌦e

de

)�1/2, and DH(z) is smaller by the same factor. This
reduction in DH(z) exactly compensates the (1�⌦

de

)1/2

rescaling of rd, leaving DH(z)/rd independent of ⌦e
de

.
At low redshift, conversely,

DM (z) =
c

H
0

Z z

0

H
0

H(z0)
dz0 (28)

depends mainly on H
0

, since the evolution of H
0

/H(z)
is insensitive to moderate changes in ⌦m and ⌦

de

for
z ⌧ 1. Therefore, to keep the value of DM (1090)/rd
fixed to the CMB constraint, one must increase H

0

by
approximately (1 � ⌦e

de

)�1/2 so that both the low and
high-redshift contributions to DM (1090) shrink by the
factor required to compensate the change in rd. This
change again forces DH(z)/rd to nearly the same value
as the fiducial model with ⌦e

de

= 0.
These scaling arguments are not perfect because they

break down at intermediate redshifts and because a
change in H

0

at fixed ⌦mh2 implies a change in ⌦m,

which itself a↵ects the low-redshift evolution of H
0

/H(z).
Nonetheless, the full calculation in Figure 12 demon-
strates that for ⌦e

de

as large as 0.08 there is minimal
change in DH(z) at any redshift, and minimal change in
H(z) in turn implies minimal change in DM (z). How-
ever, the values of H

0

are larger, and ⌦m correspond-
ingly smaller, for the successively higher ⌦e

de

curves in
Figure 12. The combination H

0

rd is nearly constant, de-
creasing by just 0.14%, 0.24%, and 0.49% for ⌦e

de

= 0.02,
0.04, and 0.08, respectively.

Reversing these arguments explains why DH(z) and
DM (z) change rapidly with ⌦e

de

if rd stays fixed instead
of rescaling (dashed curves in Fig. 12). In this case,
DM (1090) must stay fixed to keep the angular scale of
the acoustic peaks unchanged, so the decrease of high-
redshift contributions to DM (z) by (1 � ⌦e

de

)1/2 requires
a compensating increase of DM (z) at low redshift. This
requires a large fractional reduction in H

0

, since most of
the contribution to DM (1090) comes from high redshift
(e.g., 75% from z > 1). This in turn leads to large de-
viations in DH(z)/rd and DM (z)/rd at low redshift. At
high redshift, DH(z) is again smaller by (1 � ⌦e

de

)1/2,
but this now leads to a deviation in DH(z)/rd because
it is no longer compensated by a smaller rd. Even for
⌦e

de

= 0.02, fixing CMB observables requires a 4.3% re-
duction in H

0

. Furthermore, adding early dark energy
in this case moves model predictions further from the
CMASS and LyaF measurements of DH(z)/rd and fur-
ther from the LyaF DM (z)/rd. We therefore expect tight
constraints on ⌦e

de

in the case of fixed rd.
Figure 13 presents constraints on these early dark en-

ergy models from our MCMC analysis, with w
0

fixed to
�1. We now account for uncertainties in the CMB con-
straints, using the compressed description of Section IIC.
Note that we assume that the CMB constraints on !m

and !b are not altered by the introduction of early dark
energy, which might not hold in a complete analysis that
uses the full CMB spectrum. The non-rescaled case is
tightly constrained as expected, with a 2� upper limit
⌦e

de

< 0.031. SNe do not significantly improve these
constraints, although they would play a larger role if we
allowed w

0

as a free parameter. To summarize, adding
early dark energy with fixed rd worsens agreement with
our BAO measurements, and a dynamically significant
value of ⌦e

de

is ruled out.
For rescaled rd, which is the physically expected case if

⌦e
de

remains constant back into the radiation-dominated
era, we instead find a valley of near-perfect degeneracy
between ⌦m and ⌦e

de

. For H
0

rd = const. and fixed
⌦mh2, the expected degeneracy line is ⌦m / r�2

d /
(1 � ⌦e

de

), marked by the red solid line in Figure 13.
This prediction describes our numerical MCMC results
extremely well. Along this line, there are models with
��2 < 1 relative to the best-fit ⇤CDM (⌦e

de

= 0) model,
at least out to ⌦e

de

= 0.32. Including SNe again makes
minimal di↵erence to our constraints because the models
along the degeneracy line predict nearly identical DM (z).

Although these models are degenerate with respect to
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change again forces DH(z)/rd to nearly the same value
as the fiducial model with ⌦e

de

= 0.
These scaling arguments are not perfect because they

break down at intermediate redshifts and because a
change in H

0

at fixed ⌦mh2 implies a change in ⌦m,

which itself a↵ects the low-redshift evolution of H
0

/H(z).
Nonetheless, the full calculation in Figure 12 demon-
strates that for ⌦e

de

as large as 0.08 there is minimal
change in DH(z) at any redshift, and minimal change in
H(z) in turn implies minimal change in DM (z). How-
ever, the values of H

0

are larger, and ⌦m correspond-
ingly smaller, for the successively higher ⌦e

de

curves in
Figure 12. The combination H

0

rd is nearly constant, de-
creasing by just 0.14%, 0.24%, and 0.49% for ⌦e

de

= 0.02,
0.04, and 0.08, respectively.

Reversing these arguments explains why DH(z) and
DM (z) change rapidly with ⌦e

de

if rd stays fixed instead
of rescaling (dashed curves in Fig. 12). In this case,
DM (1090) must stay fixed to keep the angular scale of
the acoustic peaks unchanged, so the decrease of high-
redshift contributions to DM (z) by (1 � ⌦e

de

)1/2 requires
a compensating increase of DM (z) at low redshift. This
requires a large fractional reduction in H

0

, since most of
the contribution to DM (1090) comes from high redshift
(e.g., 75% from z > 1). This in turn leads to large de-
viations in DH(z)/rd and DM (z)/rd at low redshift. At
high redshift, DH(z) is again smaller by (1 � ⌦e

de

)1/2,
but this now leads to a deviation in DH(z)/rd because
it is no longer compensated by a smaller rd. Even for
⌦e

de

= 0.02, fixing CMB observables requires a 4.3% re-
duction in H

0

. Furthermore, adding early dark energy
in this case moves model predictions further from the
CMASS and LyaF measurements of DH(z)/rd and fur-
ther from the LyaF DM (z)/rd. We therefore expect tight
constraints on ⌦e

de

in the case of fixed rd.
Figure 13 presents constraints on these early dark en-

ergy models from our MCMC analysis, with w
0

fixed to
�1. We now account for uncertainties in the CMB con-
straints, using the compressed description of Section IIC.
Note that we assume that the CMB constraints on !m

and !b are not altered by the introduction of early dark
energy, which might not hold in a complete analysis that
uses the full CMB spectrum. The non-rescaled case is
tightly constrained as expected, with a 2� upper limit
⌦e

de

< 0.031. SNe do not significantly improve these
constraints, although they would play a larger role if we
allowed w

0

as a free parameter. To summarize, adding
early dark energy with fixed rd worsens agreement with
our BAO measurements, and a dynamically significant
value of ⌦e

de

is ruled out.
For rescaled rd, which is the physically expected case if

⌦e
de

remains constant back into the radiation-dominated
era, we instead find a valley of near-perfect degeneracy
between ⌦m and ⌦e

de

. For H
0

rd = const. and fixed
⌦mh2, the expected degeneracy line is ⌦m / r�2

d /
(1 � ⌦e

de

), marked by the red solid line in Figure 13.
This prediction describes our numerical MCMC results
extremely well. Along this line, there are models with
��2 < 1 relative to the best-fit ⇤CDM (⌦e

de

= 0) model,
at least out to ⌦e

de

= 0.32. Including SNe again makes
minimal di↵erence to our constraints because the models
along the degeneracy line predict nearly identical DM (z).

Although these models are degenerate with respect to
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Figure 13. Constraints in the ⌦e
de

�⌦m plane from the combi-
nation of our compressed CMB description with galaxy+LyaF
BAO data. Black contours (68%, 95%, and 99.7%) show the
tight constraints on early dark energy for models with fixed
rd = 147.49 Mpc. Blue contours show the constraints for
models with rd / (1� ⌦e

de

)1/2 as expected if ⌦e
de

is constant
into the radiation-dominated era. The red solid line traces
the parameter degeneracy ⌦m = ⌦m,fid(1�⌦e

de

) predicted by
the approximate scaling arguments described in the text.
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at high redshift
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energy component evolves with a = (1 + z)�1 as
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1 � a�3w0

�

⌦
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+ ⌦ma3w0
+ ⌦e
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�
1 � a�3w0

�
,

(25)
where ⌦

de

and ⌦m denote z = 0 values as usual and ⌦e
de

is
the dark energy density parameter at early times. A flat
universe is assumed, with ⌦

de

+⌦m = 1. The quantity w
0

is the e↵ective value of the equation-of-state parameter
today. At high redshift (a ⌧ 1), the denominator of the
first term is � 1, and ⌦d(a) approaches the constant
value ⌦e

de

. This in turn requires a dark energy density
that scales as a�3 in the matter-dominated era and as a�4

in the radiation-dominated era, though it is ⌦
de

(a) rather
than ⇢

de

(a) that is specified explicitly. For w
0

= �1, the
model approaches ⇤CDM as ⌦e

de

goes to zero. There
are other generic forms of models with early dark energy,
as well as non-parametric descriptions (see discussion by
[85]).

If dark energy is important in the pre-recombination
era, then the boosted energy density in this era reduces
the sound horizon by a factor (1 � ⌦e

de

)1/2 relative to a
conventional model with the same parameters [84, 85].
Pre-recombination dark energy also influences the de-
tailed shape of the CMB anisotropy spectrum by alter-
ing the early integrated Sachs-Wolfe contribution and the
CMB damping tail [86]. Our analysis here incorporates
the rescaling of the sound horizon, but we continue to
use the compressed CMB description of Section IIC and
therefore ignore the more detailed changes to the power
spectrum shape. Because of the exquisite precision of
CMB measurements, the power spectrum shape may im-
pose tighter constraints on early dark energy than the ex-
pansion history measurements employed here (see, e.g.,
[86]). However, those constraints are more dependent on
the specifics of the models being examined, both the dark
energy evolution and other parameters that describe the
inflationary spectrum, tensor fluctuations, relativistic en-
ergy density, and reionization.

Figure 12 plots the evolution of DH(z)/rd and
DM (z)/rd for models with ⌦e

de

= 0, 0.02, 0.04, and 0.08.
We always adopt w

0

= �1, but we constrain h, ⌦b,
and ⌦m = 1 � ⌦

de

� ⌦⌫+r by fixing ⌦bh
2, ⌦mh2, and

DM (1090)/rd to the values in the best-fit Planck+WP
⇤CDM model, in e↵ect forcing the errors in our com-
pressed CMB description to zero. Solid curves incorpo-
rate the expected (1 � ⌦e

de

)1/2 reduction of rd. Dotted
curves show the case in which we instead keep rd fixed at
its fiducial value of 147.49 Mpc. The latter case would
be physically relevant in a model where dark energy is
dynamically negligible in the pre-recombination era but
approaches the evolution of equation (25) later in the
matter dominated era. To highlight model di↵erences,
we scale all values to those of the fiducial ⇤CDM model,
which corresponds to ⌦e

de

= 0.
Remarkably, for the rescaled rd case, the predicted val-

ues of DH(z)/rd and DM (z)/rd change by less than 0.5%
at all redshifts, even for ⌦e

de

= 0.08. We can understand

Figure 12. Predicted BAO scales for early dark energy models
with CMB observables ⌦bh

2, ⌦mh2, and DM (1090)/rd held
fixed to the values of the best-fit Planck+WP ⇤CDM model.
We adopt equation (25) with w

0

= �1. Solid lines show
the case in which rd is rescaled by (1 � ⌦e

de

)1/2 to represent
the e↵ect of early dark energy in the pre-recombination era,
while dashed lines show the case in which rd is held fixed
at the fiducial model value of rd = 147.49 Mpc. We show
ratios of DH(z)/rd (top) or DM (z)/rd (bottom) relative to
the fiducial (⌦e

de

= 0) model. Points with error bars show
the BAO measurements from CMASS galaxies at z = 0.57
(filled square) and from LyaF auto-correlation (open circle)
and cross-correlation (filled circle) at z = 2.34. For visual
clarity, the LyaF cross-correlation points have been slightly
shifted in redshift.

this insensitivity by considering the low and high-redshift
limits for the simplified case of a flat cosmology with only
matter and dark energy. The matter density at redshift
z is

⇢m(z) = ⇢
crit

⇥ ⌦m(1 + z)3

=
3

�
100 km s�1 Mpc�1

�
2

8⇡G
⇥

�
⌦mh2

�
(1 + z)3 ,

(26)

where ⇢
crit

denotes the z = 0 value as usual and we
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this insensitivity by considering the low and high-redshift
limits for the simplified case of a flat cosmology with only
matter and dark energy. The matter density at redshift
z is

⇢m(z) = ⇢
crit

⇥ ⌦m(1 + z)3

=
3
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denotes the z = 0 value as usual and we
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the one referred to as ⌫CDM, where it is a free param-
eter. The default implies !⌫ = 6.57 ⇥ 10�4 including
massless species and !⌫ = 6.45 ⇥ 10�4 excluding them.
The e↵ect of finite neutrino temperature at z = 0 is a
very small 10�4 relative e↵ect. The adopted values are
close to the minimum value allowed by neutrino oscilla-
tion experiments.

We consider a variety of models for the evolution of
the energy density or equation-of-state parameter w =
p
de

/⇢
de

. Table I summarizes the primary models dis-
cussed in the paper, though we consider some additional
special cases in Section VI. ⇤CDM represents a flat uni-
verse with a cosmological constant (w = �1). o⇤CDM
extends this model to allow non-zero ⌦k. wCDM adopts
a flat universe and constant w, and owCDM generalizes
to non-zero ⌦k. w

0

waCDM and ow
0

waCDM allow w(a)
to evolve linearly with a(t), w(a) = w

0

+wa(1�a). Poly-
CDM adopts a quadratic polynomial form for ⇢

de

(a) and
allows non-zero space curvature, to provide a highly flex-
ible description of the e↵ects of dark energy at low red-
shift. Finally, Slow Roll Dark Energy is an example of
a one-parameter evolving-w model, based on a quadratic
dark energy potential.

We focus in this paper on parameter constraints and
model tests from measurements of cosmic distances and
expansion rates, which we refer to collectively as “expan-
sion history” or “geometric” constraints. We briefly con-
sider comparisons to measurements of low-redshift mat-
ter clustering in Section VII. In this framework, the cru-
cial roles of CMB anisotropy measurements are to con-
strain the parameters (mainly !m and !b) that deter-
mine the BAO scale and to determine the angular di-
ameter distance to the redshift of recombination. For
most of our analyses, this approach allows us to use a
highly compressed summary of CMB constraints, dis-
cussed in Section II C below, and to compute param-
eter constraints with a simple and fast Markov Chain
Monte Carlo (MCMC) code that computes expansion
rates and distances from the Friedmann equation. The
code is publicly available with data used in this paper at
https://github.com/slosar/april.

B. BAO data

The BAO data in this work are summarized in Table
II and more extensively discussed below.

The robustness of BAO measurements arises from the
fact that a sharp feature in the correlation function (or
an oscillatory feature in the power spectrum) cannot be
readily mimicked by systematics, whether observational
or astrophysical, as these should be agnostic about the
BAO scale and hence smooth over the relevant part of
the correlation function (or power spectrum). In most
current analyses, the BAO scale is determined by adopt-
ing a fiducial cosmological model that translates angular
and redshift separations to comoving distances but allow-
ing the location of the BAO feature itself to shift relative

to the fiducial model expectation. One then determines
the likelihood of obtaining the observed two-point corre-
lation function or power spectrum as a function of the
BAO o↵sets, while marginalizing over nuisance param-
eters. These nuisance parameters characterize “broad-
band” physical or observational e↵ects that smoothly
change the shape or amplitude of the underlying correla-
tion function or power spectrum, such as scale-dependent
bias of galaxies or the LyaF, or distortions caused by con-
tinuum fitting or by variations in star-galaxy separation.
In an isotropic fit, the measurement is encoded in the
↵ parameter, the ratio of the measured BAO scale to
that predicted by the fiducial model. In an anisotropic
analysis, one separately constrains ↵? and ↵k, the ratios
perpendicular and parallel to the line of sight. In real
surveys the errors on ↵? and ↵k are significantly cor-
related for a given redshift slice, but they are typically
uncorrelated across di↵erent redshift slices. While the
values of ↵ are referred to a specified fiducial model, the
corresponding physical BAO scales are insensitive to the
choice of fiducial model within a reasonable range.

The BAO scale is set by the radius of the sound horizon
at the drag epoch zd when photons and baryons decouple,

rd =

Z 1

zd

cs(z)

H(z)
dz , (10)

where the sound speed in the photon-baryon fluid is

cs(z) = 3�1/2c
⇥
1 + 3

4

⇢b(z)/⇢�(z)
⇤�1/2

. A precise pre-
diction of the BAO signal requires a full Boltzmann code
computation, but for reasonable variations about a fidu-
cial model the ratio of BAO scales is given accurately by
the ratio of rd values computed from the integral (10).
Thus, a measurement of ↵? from clustering at redshift
z constrains the ratio of the comoving angular diameter
distance to the sound horizon:

DM (z)/rd = ↵?DM,fid(z)/rd,fid . (11)

A measurement of ↵k constrains the Hubble parameter
H(z), which we convert to an analogous quantity:

DH(z) = c/H(z), (12)

with

DH(z)/rd = ↵kDH,fid(z)/rd,fid . (13)

An isotropic BAO analysis measures some e↵ective com-
bination of these two distances. If redshift-space distor-
tions are weak, which is a good approximation for lu-
minous galaxy surveys after reconstruction but not for
the LyaF, then the constrained quantity is the volume
averaged distance

DV (z) =
⇥
zDH(z)D2

M (z)
⇤
1/3

, (14)

with

DV (z)/rd = ↵DV,fid(z)/rd,fid. (15)

at low redshift
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Figure 13. Constraints in the ⌦e
de

�⌦m plane from the combi-
nation of our compressed CMB description with galaxy+LyaF
BAO data. Black contours (68%, 95%, and 99.7%) show the
tight constraints on early dark energy for models with fixed
rd = 147.49 Mpc. Blue contours show the constraints for
models with rd / (1� ⌦e

de

)1/2 as expected if ⌦e
de

is constant
into the radiation-dominated era. The red solid line traces
the parameter degeneracy ⌦m = ⌦m,fid(1�⌦e

de

) predicted by
the approximate scaling arguments described in the text.

have used H
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= 100h km s�1 Mpc�1 but relocated h to
the second factor. Using ⇢m(z) + ⇢
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For a cosmological constant, ⇢
de

(z)/⇢m(z) / (1+z)�3, so
the ratio tends rapidly to zero at high redshift, but for the
early dark energy model this ratio asymptotes instead to
⌦e
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de

/(1 � ⌦e
de

). Thus, at fixed ⌦mh2, H(z)
is higher in the early dark energy model by a factor (1 �
⌦e

de

)�1/2, and DH(z) is smaller by the same factor. This
reduction in DH(z) exactly compensates the (1�⌦

de

)1/2

rescaling of rd, leaving DH(z)/rd independent of ⌦e
de

.
At low redshift, conversely,
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Z z
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depends mainly on H
0

, since the evolution of H
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/H(z)
is insensitive to moderate changes in ⌦m and ⌦
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for
z ⌧ 1. Therefore, to keep the value of DM (1090)/rd
fixed to the CMB constraint, one must increase H
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strates that for ⌦e
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as large as 0.08 there is minimal
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ever, the values of H
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de

curves in
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creasing by just 0.14%, 0.24%, and 0.49% for ⌦e

de

= 0.02,
0.04, and 0.08, respectively.
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DM (z) change rapidly with ⌦e
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)1/2 requires
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, since most of
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(e.g., 75% from z > 1). This in turn leads to large de-
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but this now leads to a deviation in DH(z)/rd because
it is no longer compensated by a smaller rd. Even for
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= 0.02, fixing CMB observables requires a 4.3% re-
duction in H
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. Furthermore, adding early dark energy
in this case moves model predictions further from the
CMASS and LyaF measurements of DH(z)/rd and fur-
ther from the LyaF DM (z)/rd. We therefore expect tight
constraints on ⌦e
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in the case of fixed rd.
Figure 13 presents constraints on these early dark en-

ergy models from our MCMC analysis, with w
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fixed to
�1. We now account for uncertainties in the CMB con-
straints, using the compressed description of Section IIC.
Note that we assume that the CMB constraints on !m

and !b are not altered by the introduction of early dark
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uses the full CMB spectrum. The non-rescaled case is
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allowed w
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= 0.32. Including SNe again makes
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the one referred to as ⌫CDM, where it is a free param-
eter. The default implies !⌫ = 6.57 ⇥ 10�4 including
massless species and !⌫ = 6.45 ⇥ 10�4 excluding them.
The e↵ect of finite neutrino temperature at z = 0 is a
very small 10�4 relative e↵ect. The adopted values are
close to the minimum value allowed by neutrino oscilla-
tion experiments.

We consider a variety of models for the evolution of
the energy density or equation-of-state parameter w =
p
de

/⇢
de

. Table I summarizes the primary models dis-
cussed in the paper, though we consider some additional
special cases in Section VI. ⇤CDM represents a flat uni-
verse with a cosmological constant (w = �1). o⇤CDM
extends this model to allow non-zero ⌦k. wCDM adopts
a flat universe and constant w, and owCDM generalizes
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0

waCDM and ow
0
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+wa(1�a). Poly-
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(a) and
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most of our analyses, this approach allows us to use a
highly compressed summary of CMB constraints, dis-
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rates and distances from the Friedmann equation. The
code is publicly available with data used in this paper at
https://github.com/slosar/april.

B. BAO data

The BAO data in this work are summarized in Table
II and more extensively discussed below.
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The BAO scale is set by the radius of the sound horizon
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rd =

Z 1

zd

cs(z)

H(z)
dz , (10)

where the sound speed in the photon-baryon fluid is

cs(z) = 3�1/2c
⇥
1 + 3

4

⇢b(z)/⇢�(z)
⇤�1/2
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diction of the BAO signal requires a full Boltzmann code
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distance to the sound horizon:

DM (z)/rd = ↵?DM,fid(z)/rd,fid . (11)

A measurement of ↵k constrains the Hubble parameter
H(z), which we convert to an analogous quantity:

DH(z) = c/H(z), (12)

with

DH(z)/rd = ↵kDH,fid(z)/rd,fid . (13)

An isotropic BAO analysis measures some e↵ective com-
bination of these two distances. If redshift-space distor-
tions are weak, which is a good approximation for lu-
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the LyaF, then the constrained quantity is the volume
averaged distance

DV (z) =
⇥
zDH(z)D2

M (z)
⇤
1/3

, (14)

with

DV (z)/rd = ↵DV,fid(z)/rd,fid. (15)
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Figure 13. Constraints in the ⌦e
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nation of our compressed CMB description with galaxy+LyaF
BAO data. Black contours (68%, 95%, and 99.7%) show the
tight constraints on early dark energy for models with fixed
rd = 147.49 Mpc. Blue contours show the constraints for
models with rd / (1� ⌦e

de

)1/2 as expected if ⌦e
de

is constant
into the radiation-dominated era. The red solid line traces
the parameter degeneracy ⌦m = ⌦m,fid(1�⌦e
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) predicted by
the approximate scaling arguments described in the text.
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depends mainly on H
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fixed to the CMB constraint, one must increase H
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approximately (1 � ⌦e
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)�1/2 so that both the low and
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factor required to compensate the change in rd. This
change again forces DH(z)/rd to nearly the same value
as the fiducial model with ⌦e
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These scaling arguments are not perfect because they

break down at intermediate redshifts and because a
change in H

0

at fixed ⌦mh2 implies a change in ⌦m,

which itself a↵ects the low-redshift evolution of H
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/H(z).
Nonetheless, the full calculation in Figure 12 demon-
strates that for ⌦e
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as large as 0.08 there is minimal
change in DH(z) at any redshift, and minimal change in
H(z) in turn implies minimal change in DM (z). How-
ever, the values of H
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are larger, and ⌦m correspond-
ingly smaller, for the successively higher ⌦e
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curves in
Figure 12. The combination H
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rd is nearly constant, de-
creasing by just 0.14%, 0.24%, and 0.49% for ⌦e
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= 0.02,
0.04, and 0.08, respectively.

Reversing these arguments explains why DH(z) and
DM (z) change rapidly with ⌦e

de

if rd stays fixed instead
of rescaling (dashed curves in Fig. 12). In this case,
DM (1090) must stay fixed to keep the angular scale of
the acoustic peaks unchanged, so the decrease of high-
redshift contributions to DM (z) by (1 � ⌦e

de

)1/2 requires
a compensating increase of DM (z) at low redshift. This
requires a large fractional reduction in H

0

, since most of
the contribution to DM (1090) comes from high redshift
(e.g., 75% from z > 1). This in turn leads to large de-
viations in DH(z)/rd and DM (z)/rd at low redshift. At
high redshift, DH(z) is again smaller by (1 � ⌦e

de

)1/2,
but this now leads to a deviation in DH(z)/rd because
it is no longer compensated by a smaller rd. Even for
⌦e

de

= 0.02, fixing CMB observables requires a 4.3% re-
duction in H
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. Furthermore, adding early dark energy
in this case moves model predictions further from the
CMASS and LyaF measurements of DH(z)/rd and fur-
ther from the LyaF DM (z)/rd. We therefore expect tight
constraints on ⌦e

de

in the case of fixed rd.
Figure 13 presents constraints on these early dark en-

ergy models from our MCMC analysis, with w
0

fixed to
�1. We now account for uncertainties in the CMB con-
straints, using the compressed description of Section IIC.
Note that we assume that the CMB constraints on !m

and !b are not altered by the introduction of early dark
energy, which might not hold in a complete analysis that
uses the full CMB spectrum. The non-rescaled case is
tightly constrained as expected, with a 2� upper limit
⌦e

de

< 0.031. SNe do not significantly improve these
constraints, although they would play a larger role if we
allowed w

0

as a free parameter. To summarize, adding
early dark energy with fixed rd worsens agreement with
our BAO measurements, and a dynamically significant
value of ⌦e

de

is ruled out.
For rescaled rd, which is the physically expected case if
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remains constant back into the radiation-dominated
era, we instead find a valley of near-perfect degeneracy
between ⌦m and ⌦e
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. For H
0

rd = const. and fixed
⌦mh2, the expected degeneracy line is ⌦m / r�2

d /
(1 � ⌦e
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), marked by the red solid line in Figure 13.
This prediction describes our numerical MCMC results
extremely well. Along this line, there are models with
��2 < 1 relative to the best-fit ⇤CDM (⌦e

de

= 0) model,
at least out to ⌦e

de

= 0.32. Including SNe again makes
minimal di↵erence to our constraints because the models
along the degeneracy line predict nearly identical DM (z).

Although these models are degenerate with respect to
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the one referred to as ⌫CDM, where it is a free param-
eter. The default implies !⌫ = 6.57 ⇥ 10�4 including
massless species and !⌫ = 6.45 ⇥ 10�4 excluding them.
The e↵ect of finite neutrino temperature at z = 0 is a
very small 10�4 relative e↵ect. The adopted values are
close to the minimum value allowed by neutrino oscilla-
tion experiments.

We consider a variety of models for the evolution of
the energy density or equation-of-state parameter w =
p
de

/⇢
de

. Table I summarizes the primary models dis-
cussed in the paper, though we consider some additional
special cases in Section VI. ⇤CDM represents a flat uni-
verse with a cosmological constant (w = �1). o⇤CDM
extends this model to allow non-zero ⌦k. wCDM adopts
a flat universe and constant w, and owCDM generalizes
to non-zero ⌦k. w

0

waCDM and ow
0

waCDM allow w(a)
to evolve linearly with a(t), w(a) = w

0

+wa(1�a). Poly-
CDM adopts a quadratic polynomial form for ⇢

de

(a) and
allows non-zero space curvature, to provide a highly flex-
ible description of the e↵ects of dark energy at low red-
shift. Finally, Slow Roll Dark Energy is an example of
a one-parameter evolving-w model, based on a quadratic
dark energy potential.

We focus in this paper on parameter constraints and
model tests from measurements of cosmic distances and
expansion rates, which we refer to collectively as “expan-
sion history” or “geometric” constraints. We briefly con-
sider comparisons to measurements of low-redshift mat-
ter clustering in Section VII. In this framework, the cru-
cial roles of CMB anisotropy measurements are to con-
strain the parameters (mainly !m and !b) that deter-
mine the BAO scale and to determine the angular di-
ameter distance to the redshift of recombination. For
most of our analyses, this approach allows us to use a
highly compressed summary of CMB constraints, dis-
cussed in Section II C below, and to compute param-
eter constraints with a simple and fast Markov Chain
Monte Carlo (MCMC) code that computes expansion
rates and distances from the Friedmann equation. The
code is publicly available with data used in this paper at
https://github.com/slosar/april.

B. BAO data

The BAO data in this work are summarized in Table
II and more extensively discussed below.

The robustness of BAO measurements arises from the
fact that a sharp feature in the correlation function (or
an oscillatory feature in the power spectrum) cannot be
readily mimicked by systematics, whether observational
or astrophysical, as these should be agnostic about the
BAO scale and hence smooth over the relevant part of
the correlation function (or power spectrum). In most
current analyses, the BAO scale is determined by adopt-
ing a fiducial cosmological model that translates angular
and redshift separations to comoving distances but allow-
ing the location of the BAO feature itself to shift relative

to the fiducial model expectation. One then determines
the likelihood of obtaining the observed two-point corre-
lation function or power spectrum as a function of the
BAO o↵sets, while marginalizing over nuisance param-
eters. These nuisance parameters characterize “broad-
band” physical or observational e↵ects that smoothly
change the shape or amplitude of the underlying correla-
tion function or power spectrum, such as scale-dependent
bias of galaxies or the LyaF, or distortions caused by con-
tinuum fitting or by variations in star-galaxy separation.
In an isotropic fit, the measurement is encoded in the
↵ parameter, the ratio of the measured BAO scale to
that predicted by the fiducial model. In an anisotropic
analysis, one separately constrains ↵? and ↵k, the ratios
perpendicular and parallel to the line of sight. In real
surveys the errors on ↵? and ↵k are significantly cor-
related for a given redshift slice, but they are typically
uncorrelated across di↵erent redshift slices. While the
values of ↵ are referred to a specified fiducial model, the
corresponding physical BAO scales are insensitive to the
choice of fiducial model within a reasonable range.

The BAO scale is set by the radius of the sound horizon
at the drag epoch zd when photons and baryons decouple,

rd =

Z 1

zd

cs(z)

H(z)
dz , (10)

where the sound speed in the photon-baryon fluid is

cs(z) = 3�1/2c
⇥
1 + 3

4

⇢b(z)/⇢�(z)
⇤�1/2

. A precise pre-
diction of the BAO signal requires a full Boltzmann code
computation, but for reasonable variations about a fidu-
cial model the ratio of BAO scales is given accurately by
the ratio of rd values computed from the integral (10).
Thus, a measurement of ↵? from clustering at redshift
z constrains the ratio of the comoving angular diameter
distance to the sound horizon:

DM (z)/rd = ↵?DM,fid(z)/rd,fid . (11)

A measurement of ↵k constrains the Hubble parameter
H(z), which we convert to an analogous quantity:

DH(z) = c/H(z), (12)

with

DH(z)/rd = ↵kDH,fid(z)/rd,fid . (13)

An isotropic BAO analysis measures some e↵ective com-
bination of these two distances. If redshift-space distor-
tions are weak, which is a good approximation for lu-
minous galaxy surveys after reconstruction but not for
the LyaF, then the constrained quantity is the volume
averaged distance

DV (z) =
⇥
zDH(z)D2

M (z)
⇤
1/3

, (14)

with

DV (z)/rd = ↵DV,fid(z)/rd,fid. (15)
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At low redshift, conversely,

DM (z) =
c

H0

Z z

0

H0

H(z0)
dz0 (4)

depends mainly on H0, since the evolution of H0/H(z) is insensitive to moderate changes
in ⌦m and ⌦de for z ⌧ 1. Therefore, to keep the value of DM (1090)/rd fixed to the CMB
constraint, one must increase H0 by approximately (1�⌦e

de)
�1/2 so that both the low and

high-redshift contributions to DM (1090) shrink by the factor required to compensate the
change in rd. This change again forces DH(z)/rd to nearly the same value as the fiducial
model with ⌦e

de = 0.
Intriguingly, non-zero ⌦e

de with rescaled rd helps to reduce tension with distance-ladder
measurements of H0 and with the level of matter clustering inferred from cluster masses,
weak lensing, and redshift-space distortions. We discuss the impact on structure growth
measures in Section ??.
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energy component evolves with a = (1 + z)�1 as

⌦
de

(a) =
⌦

de

� ⌦e
de

�
1 � a�3w0

�

⌦
de

+ ⌦ma3w0
+ ⌦e

de

�
1 � a�3w0

�
,

(25)
where ⌦

de

and ⌦m denote z = 0 values as usual and ⌦e
de

is
the dark energy density parameter at early times. A flat
universe is assumed, with ⌦

de

+⌦m = 1. The quantity w
0

is the e↵ective value of the equation-of-state parameter
today. At high redshift (a ⌧ 1), the denominator of the
first term is � 1, and ⌦d(a) approaches the constant
value ⌦e

de

. This in turn requires a dark energy density
that scales as a�3 in the matter-dominated era and as a�4

in the radiation-dominated era, though it is ⌦
de

(a) rather
than ⇢

de

(a) that is specified explicitly. For w
0

= �1, the
model approaches ⇤CDM as ⌦e

de

goes to zero. There
are other generic forms of models with early dark energy,
as well as non-parametric descriptions (see discussion by
[85]).

If dark energy is important in the pre-recombination
era, then the boosted energy density in this era reduces
the sound horizon by a factor (1 � ⌦e

de

)1/2 relative to a
conventional model with the same parameters [84, 85].
Pre-recombination dark energy also influences the de-
tailed shape of the CMB anisotropy spectrum by alter-
ing the early integrated Sachs-Wolfe contribution and the
CMB damping tail [86]. Our analysis here incorporates
the rescaling of the sound horizon, but we continue to
use the compressed CMB description of Section IIC and
therefore ignore the more detailed changes to the power
spectrum shape. Because of the exquisite precision of
CMB measurements, the power spectrum shape may im-
pose tighter constraints on early dark energy than the ex-
pansion history measurements employed here (see, e.g.,
[86]). However, those constraints are more dependent on
the specifics of the models being examined, both the dark
energy evolution and other parameters that describe the
inflationary spectrum, tensor fluctuations, relativistic en-
ergy density, and reionization.

Figure 12 plots the evolution of DH(z)/rd and
DM (z)/rd for models with ⌦e

de

= 0, 0.02, 0.04, and 0.08.
We always adopt w

0

= �1, but we constrain h, ⌦b,
and ⌦m = 1 � ⌦

de

� ⌦⌫+r by fixing ⌦bh
2, ⌦mh2, and

DM (1090)/rd to the values in the best-fit Planck+WP
⇤CDM model, in e↵ect forcing the errors in our com-
pressed CMB description to zero. Solid curves incorpo-
rate the expected (1 � ⌦e

de

)1/2 reduction of rd. Dotted
curves show the case in which we instead keep rd fixed at
its fiducial value of 147.49 Mpc. The latter case would
be physically relevant in a model where dark energy is
dynamically negligible in the pre-recombination era but
approaches the evolution of equation (25) later in the
matter dominated era. To highlight model di↵erences,
we scale all values to those of the fiducial ⇤CDM model,
which corresponds to ⌦e

de

= 0.
Remarkably, for the rescaled rd case, the predicted val-

ues of DH(z)/rd and DM (z)/rd change by less than 0.5%
at all redshifts, even for ⌦e

de

= 0.08. We can understand

Figure 12. Predicted BAO scales for early dark energy models
with CMB observables ⌦bh

2, ⌦mh2, and DM (1090)/rd held
fixed to the values of the best-fit Planck+WP ⇤CDM model.
We adopt equation (25) with w

0

= �1. Solid lines show
the case in which rd is rescaled by (1 � ⌦e

de

)1/2 to represent
the e↵ect of early dark energy in the pre-recombination era,
while dashed lines show the case in which rd is held fixed
at the fiducial model value of rd = 147.49 Mpc. We show
ratios of DH(z)/rd (top) or DM (z)/rd (bottom) relative to
the fiducial (⌦e

de

= 0) model. Points with error bars show
the BAO measurements from CMASS galaxies at z = 0.57
(filled square) and from LyaF auto-correlation (open circle)
and cross-correlation (filled circle) at z = 2.34. For visual
clarity, the LyaF cross-correlation points have been slightly
shifted in redshift.

this insensitivity by considering the low and high-redshift
limits for the simplified case of a flat cosmology with only
matter and dark energy. The matter density at redshift
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the one referred to as ⌫CDM, where it is a free param-
eter. The default implies !⌫ = 6.57 ⇥ 10�4 including
massless species and !⌫ = 6.45 ⇥ 10�4 excluding them.
The e↵ect of finite neutrino temperature at z = 0 is a
very small 10�4 relative e↵ect. The adopted values are
close to the minimum value allowed by neutrino oscilla-
tion experiments.

We consider a variety of models for the evolution of
the energy density or equation-of-state parameter w =
p
de

/⇢
de

. Table I summarizes the primary models dis-
cussed in the paper, though we consider some additional
special cases in Section VI. ⇤CDM represents a flat uni-
verse with a cosmological constant (w = �1). o⇤CDM
extends this model to allow non-zero ⌦k. wCDM adopts
a flat universe and constant w, and owCDM generalizes
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CDM adopts a quadratic polynomial form for ⇢
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(a) and
allows non-zero space curvature, to provide a highly flex-
ible description of the e↵ects of dark energy at low red-
shift. Finally, Slow Roll Dark Energy is an example of
a one-parameter evolving-w model, based on a quadratic
dark energy potential.

We focus in this paper on parameter constraints and
model tests from measurements of cosmic distances and
expansion rates, which we refer to collectively as “expan-
sion history” or “geometric” constraints. We briefly con-
sider comparisons to measurements of low-redshift mat-
ter clustering in Section VII. In this framework, the cru-
cial roles of CMB anisotropy measurements are to con-
strain the parameters (mainly !m and !b) that deter-
mine the BAO scale and to determine the angular di-
ameter distance to the redshift of recombination. For
most of our analyses, this approach allows us to use a
highly compressed summary of CMB constraints, dis-
cussed in Section II C below, and to compute param-
eter constraints with a simple and fast Markov Chain
Monte Carlo (MCMC) code that computes expansion
rates and distances from the Friedmann equation. The
code is publicly available with data used in this paper at
https://github.com/slosar/april.

B. BAO data

The BAO data in this work are summarized in Table
II and more extensively discussed below.

The robustness of BAO measurements arises from the
fact that a sharp feature in the correlation function (or
an oscillatory feature in the power spectrum) cannot be
readily mimicked by systematics, whether observational
or astrophysical, as these should be agnostic about the
BAO scale and hence smooth over the relevant part of
the correlation function (or power spectrum). In most
current analyses, the BAO scale is determined by adopt-
ing a fiducial cosmological model that translates angular
and redshift separations to comoving distances but allow-
ing the location of the BAO feature itself to shift relative

to the fiducial model expectation. One then determines
the likelihood of obtaining the observed two-point corre-
lation function or power spectrum as a function of the
BAO o↵sets, while marginalizing over nuisance param-
eters. These nuisance parameters characterize “broad-
band” physical or observational e↵ects that smoothly
change the shape or amplitude of the underlying correla-
tion function or power spectrum, such as scale-dependent
bias of galaxies or the LyaF, or distortions caused by con-
tinuum fitting or by variations in star-galaxy separation.
In an isotropic fit, the measurement is encoded in the
↵ parameter, the ratio of the measured BAO scale to
that predicted by the fiducial model. In an anisotropic
analysis, one separately constrains ↵? and ↵k, the ratios
perpendicular and parallel to the line of sight. In real
surveys the errors on ↵? and ↵k are significantly cor-
related for a given redshift slice, but they are typically
uncorrelated across di↵erent redshift slices. While the
values of ↵ are referred to a specified fiducial model, the
corresponding physical BAO scales are insensitive to the
choice of fiducial model within a reasonable range.

The BAO scale is set by the radius of the sound horizon
at the drag epoch zd when photons and baryons decouple,
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cial model the ratio of BAO scales is given accurately by
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bination of these two distances. If redshift-space distor-
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, (14)

with
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At low redshift, conversely,

DM (z) =
c

H0

Z z

0

H0

H(z0)
dz0 (4)

depends mainly on H0, since the evolution of H0/H(z) is insensitive to moderate changes
in ⌦m and ⌦de for z ⌧ 1. Therefore, to keep the value of DM (1090)/rd fixed to the CMB
constraint, one must increase H0 by approximately (1�⌦e

de)
�1/2 so that both the low and

high-redshift contributions to DM (1090) shrink by the factor required to compensate the
change in rd. This change again forces DH(z)/rd to nearly the same value as the fiducial
model with ⌦e

de = 0.
Intriguingly, non-zero ⌦e

de with rescaled rd helps to reduce tension with distance-ladder
measurements of H0 and with the level of matter clustering inferred from cluster masses,
weak lensing, and redshift-space distortions. We discuss the impact on structure growth
measures in Section ??.

Figure 1: Doran Model

3 Scalar Field cosmology

Let us stat by considering the Albrecht and Skordis version of the exponential potential:

V (�) = V0[(� � B)2 + A] exp(���) (5)

with A, B and � free parameters; V0 is fixed such that the density parameter ⌦� today takes
the value of the Dark energy. It is common to parameterize this model using a {A, A�2, B}
[see ?]. Figure 1, displays density parameters (left), equation of state and the scalar field
(right) for di↵erent set of parameter values
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comparable contributions to our error budget; the errors
add (roughly) linearly rather than in quadrature because
both measurements constrain the redshift evolution in
our joint fit. If we replace PolyCDM with ow

0

waCDM in
our analysis, substituting a di↵erent but still highly flex-
ible dark energy model, the derived value of H

0

drops by
less than 0.2� and the error bar is essentially unchanged.
If we instead fix the dark energy model to ⇤CDM, the
central value and error bar are again nearly unchanged,
because with the dense sampling provided by SNe the ex-
trapolation from the BAO redshifts down to z = 0 is also
only a small source of uncertainty. To test sensitivity to
the SN data set, we constructed a compressed description
of the Union 2.1 compilation [63] analogous to that of the
JLA compilation; substituting Union 2.1 for JLA makes
negligible di↵erence to our best-fit H

0

while increasing
the error bar by about 30% (see Table III). Finally, if we
substitute the WMAP9 constraints on !m and !b for the
Planck constraints, the central H

0

decreases by 0.5% (to
66.9 km s�1 Mpc�1) and the error bar grows by 8% (to
1.2 km s�1 Mpc�1).

To summarize, this 1.7% determination of H
0

is ro-
bust to details of our analysis, with the error dominated
by the BAO and SNIa measurement uncertainties. The
key assumptions behind this method are (a) standard
matter and radiation content, with three species of light
neutrinos, and (b) no unrecognized systematics at the
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0
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e↵
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0
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Figure 6 compares our H
0

determination to several
other values from the literature. The lower two points
show our results using either the PolyCDM model or
the ow

0

waCDM model. The top three points show re-
cent distance-ladder determinations from Riess et al. [68],
Freedman et al. [69], and a reanalysis of the Riess et
al. data set by [71]. There is mild (⇡ 2�) tension be-
tween these determinations and our value. The central
two points show the values of H

0

inferred from Planck or
WMAP CMB data assuming a flat ⇤CDM model, with
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Figure 6. Constraints on the Hubble constant H
0

from this
paper’s inverse distance ladder analysis (blue, at bottom),
from three direct distance ladder estimates (red, at top), and
from Planck or WMAP CMB data assuming ⇤CDM (green,
middle). All error bars are 1�. The inverse distance ladder
estimates assume rd = 147.49 ± 0.59 Mpc, based on Planck
constraints for a standard radiation background, while the
green points make the much stronger assumptions of a flat
universe with a cosmological constant.

Combination Model H
0

Galaxy BAO + SN + rd PolyCDM 67.3± 1.1

Galaxy BAO + SN + rd ow
0

waCDM 67.1± 1.1

Galaxy BAO + Union SN + rd PolyCDM 67.3± 1.5

Galaxy BAO + Union SN + rd ow
0

waCDM 67.2± 1.5

Table III. Constraints on H
0

(in km s�1 Mpc�1) from the in-
verse distance ladder, assuming rd = 147.49 ± 0.59 Mpc as
inferred from Planck with a standard radiation background.
The bottom two lines substitute the Union 2.1 SN data set
for the JLA data set. Errorbars are 1�.

values and uncertainties taken from the MCMC chains
provided by the Planck collaboration. These inferences
of H

0

are much more model dependent than our inverse
distance ladder measurement; with the ow

0

waCDM or
PolyCDM dark energy models the errors on H

0

from
CMB data alone increase by more than order of mag-
nitude because of the CMB geometric degeneracy. Con-
sistency of these H

0

values is therefore a consistency test
for the ⇤CDM model, which it passes here with flying
colors.

Our results can be compared to those of several other
recent analyses. [72] determine H

0

from a collection of
BAO data sets using the Planck-calibrated value of rd.
They do not incorporate SNIa, but they assume a flat
⇤CDM model, which allows them to obtain a tight con-
straint H

0

= 68.11 ± 0.86 km s�1 Mpc�1. [73] carry out
a more directly comparable inverse distance ladder mea-
surement with essentially the same data sets but cosmo-

31

Figure 20. Predictions of matter clustering from our BAO+SN+CMB constrained models compared to observational estimates.
Models for all panels are indicated along the left vertical axis. Panel (a) shows the z = 0 parameter combination �

8

(⌦m/0.3)0.4,
which approximately describes the quantity best constrained by low-redshift measurements of the cluster mass function or
weak lensing. Black points show the mean and 1� range computed from our model chains, and red points show observational
estimates discussed in the text. Panel (b) presents a similar comparison for �

8

(z = 0.57)f(z = 0.57), constrained by redshift-
space distortions in CMASS galaxy clustering. Panel (c) compares �

8

(z = 2.5) to an estimate from the BOSS LyaF 1-d power
spectrum. Observational sources are the cosmic shear measurement of Hey13 [99], the galaxy-galaxy lensing measurement of
Man13 [100], the cluster mass function measurements of Vik09 [101], Roz10 [102], Pla13 [103], and Man14 [105], the RSD
measurements of Beu14 [106], Sam14 [118], and Rei14 [111], and the LyaF power spectrum measurement of Pal13 [114]. Dotted
vertical lines are provided for visual reference.

of �
8

� ⌦m constraints may not adequately capture the
e↵ect of massive neutrinos on the clustering observables.
A value of

P
m⌫ = 0.5 eV, near the 95% upper bound in-

ferred from our compressed CMB description and BAO
constraints, would lower the predicted value of �

8

in a
Planck+WP-normalized ⇤CDM model by about 12% rel-
ative to

P
m⌫ = 0.06 eV. A value

P
m⌫ = 0.25 eV, near

the upper bound that we find when combining the full
Planck likelihood with BAO data, would produce a 6%
suppression of �

8

. These numbers are somewhat di↵erent
from what a naive expectation based on linear suppres-
sion would indicate because CMB degeneracies are im-
portant at these relatively large neutrino mass fractions.
Even the lower value is enough to remove the tension
seen in Figure 20a. However, the corresponding decrease
in �

8

(z = 2.5) produces a significant discrepancy with
the LyaF measurement in Figure 20c, and a full analysis
that models the LyaF power spectrum based on hydro-
dynamic simulations with a massive neutrino component
leads to a stringent upper limit on neutrino mass [120].

As discussed in Section VI A, our geometric constraints
are nearly degenerate with respect to the presence of an
early dark energy component, provided this early dark
energy is present in the radiation-dominated epoch as
well as the matter-dominated epoch and therefore shrinks

the scale of the sound horizon. Increasing the early dark
energy fraction reduces the value of ⌦m (see Fig. 13) and
will also suppress growth of structure relative to ⇤CDM.
Predictions of structure for early dark energy are sub-
tle because of the combined impacts of CMB normaliza-
tion, the imprint of early dark energy fluctuations on the
CMB itself, and the post-recombination growth rate. We
therefore defer detailed investigation of early dark energy
models to future work and make the qualitative observa-
tion that an early dark energy component will go in the
direction of reducing tensions with low redshift clustering
measurements.

VIII. CONCLUSIONS

In the decade since the first observational detection of
baryon acoustic oscillations, BAO analysis has emerged
as one of the sharpest tools of precision cosmology. Its
power arises from the grounding of its absolute distance
scale in straightforward underlying physics, from the dis-
tinctiveness of a feature that is localized in scale and thus
not easily mimicked by observational systematics, and
from its insensitivity to non-linear gravitational evolution
and galaxy formation physics (a consequence of the large
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Figure 14. Constraints on decaying dark matter from CMB
and galaxy+LyaF BAO data. For various choices of the frac-
tion fx of the dark matter in the decaying component, we plot
posterior probability distributions for the product �fx, where
� is the decay constant, assuming a flat prior on �. A fraction
fx

�
1� e��

�
⇡ �fx of the dark matter decays over a Hubble

time, where the approximation holds for � ⌧ 1. Adding SN
data does not significantly improve these constraints, given
our assumption of a flat universe with w = �1.

our geometrical constraints, they predict di↵erent values
of H

0

and di↵erent measures of structure growth. In-
triguingly, non-zero ⌦e

de

with rescaled rd reduces tension
with distance-ladder measurements of H

0

and with the
level of matter clustering inferred from cluster masses,
weak lensing, and redshift-space distortions. We discuss
the impact on structure growth measures in Section VII.

As already emphasized, the detailed shape of the CMB
power spectrum may impose much tighter constraints on
early dark energy; e.g., for the specific case of the Doran-
Robbers model, [86] infer ⌦e

de

< 0.012 at 95% confidence.
However, the degeneracies identified here in the expan-
sion history constraints are striking, and highlight the
potential value of early dark energy studies that fully ex-
plore degeneracies with other parameters that a↵ect the
CMB power spectrum shape.

B. Decaying Dark Matter

If dark matter is a metastable particle that decays
into undetected radiation on a timescale comparable to
H�1

0

, where the undetected radiation could be neutrinos
or some other low-mass particle that interacts weakly
enough to avoid detection (note that decay of a signifi-
cant fraction of the dark matter into photons would need
to have a very small branching ratio to be consistent with
upper limits on cosmic backgrounds), then the matter
density will decrease faster at low redshift than simple
(1+z)3 dilution (for an early discussion, see [87]). While
the radiation density is boosted by dark matter decay, it

subsequently decreases as (1 + z)4, so the total energy
density at low redshift is lower in a decaying dark matter
(DDM) model than it would be for stable dark matter
with the same high-redshift density. We initially con-
sidered this model as a potential explanation of the low
H(2.34) inferred from the LyaF BAO. The heights of the
acoustic peaks constrain the value of ⌦mh2 at the recom-
bination epoch, but the reduced matter density at low
redshift implies a lower value of H2(z) = (8⇡G/3)⇢

crit

(z).
The sound horizon scale rd is unchanged because the pre-
recombination densities are unchanged. However, the full
impact of introducing DDM is complex, because the val-
ues of h and ⌦m must change to keep DM (1090)/rd at
its precisely measured value, and because these changes
and the dark matter decay itself a↵ect the galaxy BAO
observables and the LyaF value of DM (2.34).

We assume exponential decay of the dark matter (i.e.,
a constant decay rate), so that the governing equations
for the decaying matter density (marked with subscript
x) and decay products’ radiation density (marked with
subscript g) are:

⇢̇x = �3H⇢x � �H
0

⇢x, (29)

⇢̇g = �4H⇢g + �H
0

⇢x. (30)

The decay rate � is dimensionless, and ��1 is the de-
cay time in units of H�1

0

. The other components of the
model remain the same as those used for ⇤CDM. The
model is parameterized by � and by the energy density
in the decaying component, expressed as a fraction of
the total energy density in matter ⌦x = fx⌦m. The
fraction f can be though of as either the fraction of the
dark matter that is decaying into relativistic particles,
or, alternatively as a fraction of decay products that are
relativistic. Initial conditions are chosen so that there
is no energy density in the decay product radiation in
the infinite past. We discuss some details of our solution
technique in Appendix B.

A small but important subtlety in this analysis is that
that the CMB peaks constrain the dark-matter density
at the time of recombination and hence the !b and !c

densities that we feed into the compressed CMB likeli-
hood corresponds to the densities the system would have
had if the decay did not take place. Of course, the dis-
tance to the last scattering surface is still a↵ected by the
changes in the expansion history due to decaying dark
matter.

The red curve in Figure 14 shows the posterior proba-
bility distribution for �, assuming that all dark matter is
susceptible to decay (fx = 1) and adopting a flat prior for
�. Much like the non-rescaled early dark energy model
(dashed curves in Fig. 12, black contours in Fig. 13), the
DDM model alters late time expansion without chang-
ing the sound horizon, and like that model it is tightly
constrained by the combination of CMB and BAO data,
at least if we assume a flat universe and w = �1. The
most probable decay constant is � ⇡ 0.02, but � = 0 is
almost equally probable, and the 95% upper limit on �
is � < 0.095, implying that less than 2.5% of the dark
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bility distribution for �, assuming that all dark matter is
susceptible to decay (fx = 1) and adopting a flat prior for
�. Much like the non-rescaled early dark energy model
(dashed curves in Fig. 12, black contours in Fig. 13), the
DDM model alters late time expansion without chang-
ing the sound horizon, and like that model it is tightly
constrained by the combination of CMB and BAO data,
at least if we assume a flat universe and w = �1. The
most probable decay constant is � ⇡ 0.02, but � = 0 is
almost equally probable, and the 95% upper limit on �
is � < 0.095, implying that less than 2.5% of the dark


